Incidence Matrices of Simplicial Complex in
SSreflect!

Jénathan Heras and Maria Poza

University of La Rioja

September 27, 2010

1Supported by European Commission FP7, STREP project ForMath

J. Heras and M. Poza Incidence Matrices of Simplicial Complex in SSreflect



e Explanation of the problem
@ Simplicial Complexes
@ Incidence Matrices of Simplicial Complexes
@ Concrete problem to solve

J. Heras and M. Poza Incidence Matrices of Simplicial Complex in SSreflect



Simplicial Complexes
Explanation of the problem Incidence Matric Simplicial Complexes
Concrete problem to solve

From “General’ Topology to Homological Algebra

Topological Space

J. Heras and M. Poza Incidence Matrices of Simplicial Complex in SSreflect



Simplicial Complexes
Explanation of the problem Incidence Matric Simplicial Complexes
Concrete problem to solve

From “General’ Topology to Homological Algebra

Topological Space

triangulation

Simplicial Complex

J. Heras and M. Poza Incidence Matrices of Simplicial Complex in SSreflect



Simplicial Complexes
Explanation of the problem Incidence Matric Simplicial Complexes
Concrete problem to solve

From “General’ Topology to Homological Algebra

Topological Space

triangulation

Simpliciai Complex

computing

|
Homology

J. Heras and M. Poza Incidence Matrices of Simplicial Complex in SSreflect



Simplicial Complexes
Explanation of the problem Incidence Matric Simplicial Complexes
Concrete problem to solve

From “General’ Topology to Homological Algebra

Topological Space
triangulation
properties

Simpliciai Complex

computing

|
Homology

J. Heras and M. Poza Incidence Matrices of Simplicial Complex in SSreflect
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O-simplices: vertices (4 vertices)
Simplicial Complex: 1-simplices: edges (6 edges)
2-simplices: triangles (4 triangles)
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Simplicial Complexes
Explanation of the problem Incidence Matrices of Simplicial Complexes
Concrete problem to solve

Simplicial Complexes

Definition:
Let V be a set, called the vertex set, a simplex over V is any finite
subset of V.
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subset of V.

Definition:
Let a and 3 be simplices over V, we say « is a face of B if a is a
subset of .
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Simplicial Complexes
Explanation of the problem Incidence Matrices of Simplicial Complexes
Concrete problem to solve

Simplicial Complexes

Let V be a set, called the vertex set, a simplex over V is any finite
subset of V.

Let a and 3 be simplices over V, we say « is a face of B if a is a
subset of .

An (abstract) simplicial complex over V is a set of simplices C
over V satisfying the property:

VaeC,if Ca=peC
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Simplicial Complexes

C = {0, {0}, {1}, {2}, {3}, {4}, {5}, {6},
{07 1}7 {07 2}7 {0’ 3}7 {1’ 2}’ {1’ 3}7 {27 3}7 {37 4}7 {47 5}7 {47 6}7 {57 6}7
{0,1,2},{4,5,6}}
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Simplicial Complexes
Explanation of the problem Incidence Matrices of Simplicial Complexes
Concrete problem to solve

Simplicial Complexes

Definition:

The facets of a simplicial complex C are the maximal simplices of
the simplicial complex.

The facets are: {{1,3},{3,4},{0,3},{2,3},{0,1,2},{4,5,6}}
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Simplicial Complexes
Explanation of the problem Incidence Matrices of Simplicial Complexes
Concrete problem to solve

Incidence Matrices

Definition

Let X and Y be two enumerated finite sets and r be a relationship
between the elements of X and the elements of Y, we call
incidence matrix

YAl - Yin]

X[1] VI -
M=

X[m] am,1 "°° am,n

where

a,-,j

1 si X[i] is related to Y[j]
0 si X[/] is not related to Y[j]
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Simplicial Complexes
Explanation of the problem Incidence Matrices of Simplicial Complexes
Concrete problem to solve

Incidence Matrices of Simplicial Complexes

Definition

Let C be a simplicial complex, A the set of n-simplices of C and B
the set of (n — 1)-simplices of C.

We call incidence matrix of dimension n (n > 1), M, of the
simplicial complex C, to a matrix p x g where

p=1HB|l A qg=1HlAl

. 1 SiB,'CAj
M’ - {0 SiB;¢Aj
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Incidence Matrices of Simplicial Complexes

{0,1} {0,2} {0,3} {1,2} {1,3} {2,3} {3,4} {4,5} {4,6} {5,6}

{0} 1 1 1 0 0 0 0 0 0 0
{1} 1 0 0 1 1 0 0 0 0 0
{2} 0 1 0 1 0 1 0 0 0 0
{3} 0 0 1 0 1 1 1 0 0 0
{4} 0 0 0 0 0 0 1 1 1 0
{5} 0 0 0 0 0 0 0 1 0 1
{6} 0 0 0 0 0 0 0 0 1 1
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Simplicial Complexes
Explanation of the problem Incidence Matrices of Simplicial Complexes
Concrete problem to solve

Incidence Matrices of Simplicial Complexes

2
5
0 3 4
1| 0
{0,1,2} {4,5,6}
{0,1} 1 0
{0,2} 1 0
{0,3} 0 0
{1,2} 1 0
{1,3} 0 0
{2,3} 0 0
{3,4} 0 0
{4,5} 0 1
{4,6} 0 1
{5,6} 0 1
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Simplicial Complexes
Explanation of the problem Incidence Matrices of Simplicial Complexes
Concrete problem to solve

Incidence Matrices of Simplicial Complexes

Importance of the .M. of a S.C.

The incidence matrices of simplicial complexes are used to
compute the homology of the simplicial complex
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Incidence Matrices of Simplicial Complexes

Importance of the .M. of a S.C.

The incidence matrices of simplicial complexes are used to
compute the homology of the simplicial complex

Objective

Facets — Simplicial Complex — Incidence Matrix — Homology
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Simplicial Complexes
Explanation of the problem Incidence Matrices of Simplicial Complexes
Concrete problem to solve

Theorem: Product of two consecutive incidence matrices in Z;

Let C be a simplicial complex and n a number natural such that
n > 2, then the product of the incidence matrix of dimension

n— 1, denoted by M,,_1, and the incidence matrix of dimension n,
denoted by M,, is equal to the null matrix.
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Simplicial Complexes
Explanation of the problem Incidence Matrices of Simplicial Complexes
Concrete problem to solve

Theorem: Product of two consecutive incidence matrices in Z;

Let C be a simplicial complex and n a number natural such that
n > 2, then the product of the incidence matrix of dimension

n— 1, denoted by M,,_1, and the incidence matrix of dimension n,
denoted by M,, is equal to the null matrix.

Sketch of the proof.

o Let C, be the set of n-simplices of C
@ Let C,_1 be the set of (n — 1)-simplices of C
o Let C,_» be the set of (n — 2)-simplices of C
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Simplicial Complexes
Explanation of the problem Incidence Matrices of Simplicial Complexes
Concrete problem to solve

Theorem: Product of two consecutive incidence matrices in Z;

Let C be a simplicial complex and n a number natural such that
n > 2, then the product of the incidence matrix of dimension

n— 1, denoted by M,,_1, and the incidence matrix of dimension n,
denoted by M,, is equal to the null matrix.

Sketch of the proof.
o Let C, be the set of n-simplices of C
@ Let C,_1 be the set of (n — 1)-simplices of C
o Let C,_» be the set of (n — 2)-simplices of C

Co—1[1] -+ Ch1lr1] Gll] -+ Gylr3]

Co—2[1] a1 s a1 Cr—1[1] bii - b
Mp_1= : : Mp = _

Cp—2[r2] a1 A Coalrl] \ b1 -+ b
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where
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Simplicial Comp
Explanation of the problem Incidence Matrices of Simplicial Complexes
Concrete problem to solve

i1 - C1r3
Mn—l x M, =

€21 " Cr2r3

E aj, JOXbJOJ

<joLrl

where

we need to prove that
Vl',j, Ci,j= 0

in order to prove that M,_1 x M, =
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Simplicial Complexes
Explanation of the problem Incidence Mat Simplicial Complexes
Concrete problem to solve

Under the previous conditions, Vi, j,c; j =0
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Simplicial Complexes
Explanation of the problem Incidence Matric Simplicial Complexes
Concrete problem to solve

Under the previous conditions, Vi, j,c; j =0

Proof.

ai, jo X bjo, j+
JO[Mp_2[]C My, —1[jO]AM, —1[jO]C Mnlj]
ai, jo X bjo, j+
JO|Mp_2[i1Z My, —1[jO]AM,, —1[jO] C Mnlj]
aj, jo X b'o’ i =
1<%<r1 AR _ _ > _ _aj, jo X bjo, j+
701 My _2111C My_1 [0 AM,_ 1 [10] Z Mo )]
aj, jo X bjo, j
OIMp—2[i1Z My [[O)AM,_1 [/01Z Mnj]
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Simplicial Comp
Explanation of the problem Incidence Matrices of Simplicial Complexes
Concrete problem to solve

Under the previous conditions, Vi, j,c; j =0

Proof.
> aijoxbjo, ;= > 1)+0+0+0
1<jo<rl JOIMp, _2[i]C My, —1[jO]AM,, —1[j0]C Mn[j]

8{j0 | Ma—2[i] € Mp—1[j0] A Mp—1[j0] C Mn[j]}|
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Simplicial Comp
Explanation of the problem Incidence Matrices of Simplicial Complexes
Concrete problem to solve

Under the previous conditions, let T € C,and x € C, o if xC T
then,

H{y € Goal(x Cy)A(y C T)} =2
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Simplicial Complexes
Explanation of the problem Incidence Matrices of Simplicial Complexes

Concrete problem to solve

Under the previous conditions, let T € C,and x € C, o if xC T

then,
H{y € Goal(x Cy)A(y C T)} =2

Sketch of the proof.
e Te(Cy=T=A{a,...,an}
o xc€CraoAXxCT=x={ao,...,a,...,3,...,an}
eyeCiNyCT=y=1{ag,.-..,ar,...,an}
eyecCoiNyCTAxCy=y=1{a0,..-,ar,...,an} with

r={i.j}
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Simplicial Complexes
Explanation of the problem Incidence Matrices of Simplicial Complexes

Concrete problem to solve

Under the previous conditions, let T € C,and x € C, o if xC T

then,
H{y € Goal(x Cy)A(y C T)} =2

Sketch of the proof.
e Te(Cy=T=A{a,...,an}
o xc€CraoAXxCT=x={ao,...,a,...,3,...,an}
eyeCiNyCT=y=1{ag,.-..,ar,...,an}
eyecCoiNyCTAxCy=y=1{a0,..-,ar,...,an} with
r={ij}
Then
t{y € Galxcy)A(yc T)} =2
[l
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